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The duplex bond joint consisting of a metallic substrate armored with carbon-base materials is a prom-
ising candidate configuration for application to high heat flux operations. When a bond joint is subjected
to thermal loadings, significant thermal stresses may develop due to mismatch of the thermal expansion
coefficients. Stress intensification occurs near the free surface edge of the interface, sometimes showing
singularity. The singular stress fields are critical for understanding the loading nature of the bond inter-
face in a joint system.

In this paper, thermal stresses in the bond interface of a carbon-to-molybdenum joint element were in-
vestigated. A high heat flux (HHF) pulse was assumed as the reference load history to simulate the ther-
mal shock condition. The thermomechanical behavior was described quantitatively in terms of the stress
intensity factor.

The stress solutions of the singular field computed by the theoretical approach showed a good agreement
with the numerical results of the finite element analysis. The stress intensity factor of the singular stress
fields near the free surface edge of the interface showed a time variation similar to that of the bulk stress. The
temperature gradient induced by the transient HHF load affected the overall interfacial stress only slightly.

1. Introduction

There is increasing use of joined refractory and metallic ma-
terial combinations exposed to a widening range of tempera-
tures. In particular, they have major applications in high heat
flux (HHF) areas such as fusion reactors, power plants, and hy-
personic vehicles, including space shuttles. Brazing, friction
welding, and diffusion bonding have been attractive joining
technology to fabricate such joint structures. A duplex material
configuration consisting of a metallic substrate armored with
carbon-base materials can fulfill dual material requirements
during HHF operations. The carbon armor withstands signifi-
cant heat flux as well as thermal shock without causing serious
material degradation at high temperature, whereas the metallic
substrate supports the cooling body and transfers the heat from
the carbon tiles to the heat sink, maintaining reasonable peak
surface temperature.

However, difficulties can arise in the manufacturing or in
the service of the bond joints. It has been reported from many of
the thermal loading experiments conducted on joint compo-
nents that failures occur mostly near or at the bond interface of
the joints (Ref 1-6). The debonding of a joint interface can also
occur, even during the joining process. During the joining proc-
ess, as the materials are cooled from the bonding temperature to
room temperature, significant residual stresses may develop.
These stresses are primarily due to mismatch of the thermal ex-
pansion coefficients. When a brazed joint is subjected to addi-

tional thermal loads, the resulting thermal stresses will be su-
perimposed onto the residual stress fields. 

Reliability demands on equipment employing carbon-to-
metal bonds require a more complete understanding of struc-
tural integrity characteristics, because the carbon-base
materials are in general brittle.

For the investigation of this issue, thermal stresses in the bond
interface of a carbon-to-molybdenum bond element were ana-
lyzed. Both secondary stresses and residual stress were calculated
using a finite element method. In this paper, the thermomechanical
behavior of the bond interface under a transient HHF shock load-
ing is discussed. A theoretical treatment of singular stress fields
near the free surface as well as bulk stress is presented.

2. Theoretical Models

The simple beam theory can be used to calculate the stresses
in the bulk region of a brazed joint (Ref 7, 8). In this model, it is
assumed that the longitudinal length of the bond strip is suffi-
ciently larger than the thickness of each layer. Under this limi-
tation, the solution is valid only for the region distant from the
edge boundary (Saint Venant’s effect). The stress solution
based on the beam theory is uniaxial and dependent on the dis-
tance from the neutral axis of the strip.

The level of the thermal stresses near the interface is nor-
mally higher than that of other bulk regions and increases rap-
idly near the free surface edge of the interface (Ref 3, 7, 9-11).
The stress intensification occurring in this region can be singu-
lar for certain material combinations and wedge geometries
(Ref 12). The singular stress fields are generated due to nonuni-
form deformation of the interface region at the free surface,
whereas the bulk stresses are mainly caused by the misfit of the
thermal expansion coefficients.
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When the materials are brittle, cracks are often initiated in
this region, leading to abrupt fracture (Ref 3, 4). Hence, the sin-
gular stress fields occurring in the bond interface are signifi-
cant for understanding the loading behavior of divertor joint
components.

The stress fields near the free surface edge of the interface
have been extensively investigated. Several plane solutions
have been given by various analytical procedures (Ref 13-19).
When the stress singularity exists, the strength of the singular-
ity is represented by the exponent of singularity. The strength
of these stress singularities is affected only by the Dundurs’ pa-
rameters, which are combinations of elastic constants (Ref 18).
This parameter can be determined analytically (Ref 14).

It is useful to introduce a fracture mechanical parameter that
relates boundary conditions to resultant stress solutions. The
stress intensity factor can be taken as such a representative
quantity that describes the asymptotic stress fields near the free
surface edge of the interface (Ref 16, 20).

While the exponent of stress singularity remains constant
for a given material combination and wedge geometry, the
stress intensity factor can represent the evolution of transient
loading responses. A failure criterion can be obtained from this
parameter for a specific thermal loading condition.

2.1 Bulk Stress in a Bond Joint

The solution for the bulk thermal stresses in a perfectly
bonded joint consisting of two layered strips was given by
Timoshenko (Ref 7). The model for this analysis is shown in
Fig. 1, where Ei is Young’s modulus, νi is Poisson’s ratio, hi
is the thickness of each strip, and αi is the thermal expansion
coefficient. Subscript i denotes material 1 and material 2. The
maximum stress occurring at the material interface is found to
be:

σmax = 
1
ρ

 




2(E1I1 + E2I2)
h1(h1 + h2)

 + 
1
2

 E1h1





(Eq 1)

where Ii is the moment of inertia of the individual layers and ρ
is the radius of curvature of the strip. Ii is of the form:

Ii = 
hi

3

12
 (i = 1, 2) (Eq 2)

and ρ is given by:

ρ = 

(h1 + h2)

3(1 + m)2 + (1 + mn)


m2 + 

1
mn








6(α2 − α1)∆T(1 + m)2
(Eq 3)

where ∆T is the temperature change and m, n are given by:

m = 
h1

h2
, n = 

E1

E2
(Eq 4)

As was mentioned, the stress solution given in Eq 1 is
uniaxial and there are no normal or shear stress components.
For an interfacial crack of a thermally stressed bond joint, the
crack extension is driven by the combination of three modes of
fracture. This mixed-mode deformation of the crack tip is
strongly related to the normal and shear components of the
near-tip stress fields. The bulk stress level is proportional to the
misfit of the thermal expansion coefficients and the tempera-
ture change. It was shown by Timoshenko that the solution de-
pends weakly on the mismatch of the elastic modulus. The
solution is valid only for elastic, isotropic materials subjected
to uniform temperature change. Thus it cannot yield correct
predictions for the thermal stress fields generated by HHF load-
ings.

2.2 Stress State Near Free Surface Edge of an Interface

The beam theory breaks down near the free edge of the bi-
material interface due to the deformation of the traction-free
surfaces. A more rigorous analysis is needed to investigate the
stress fields in this region. The model geometry used for the
analysis is shown in Fig. 2. 

In linear elastic fracture mechanics, the stress field near a
crack tip is approximated as:

Fig. 1 Two-dimensional joint model used for Timoshenko’s
theory. See text for definitions.

Fig. 2 Two-dimensional joint model used to analyze the inter-
facial stress
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σij(r,θ) = 
K

(2πr)0.5
 fij(θ) (Eq 5)

where r, θ are polar coordinates having their origin at the crack
tip and fij(θ) is a function of the angle depending on the particu-
lar fracture mode. 

The stress intensity factor K is considered to be a measure of
the stress intensification near the singular point and has been
taken as a useful criterion to predict crack extension. 

Based on the fracture mechanical analogy, Munz and Yang
(Ref 18) suggested that the stress state near the singular point in
Fig. 2 can be described by:

σij(r,θ) = 
K

(r/L)ω
 fij(θ) + σijo(θ) (Eq 6)

where ω is a given wedge angle and the distance r is normalized
by a characteristic length of the joint. In Fig. 2, a special geome-
try with an orthogonal wedge at the interface edge is considered
and a perfect bond interface is assumed. 

For a given wedge angle, ω, fij(θ), K, and σijo(θ) are depend-
ent on the elastic constants E and ν. In addition, the stress inten-
sity factor K and the nonsingular term σijo are dependent on the
thermal expansion coefficient α and are proportional to the
temperature difference ∆T. The order of singularity ω, the an-
gular function fij, and the stress term σijo can be determined
analytically.

The order of singularity ω is obtained by solving the follow-
ing equation:

λ2(λ2 − 1)α2 + 2λ2[sin2(πλ/2) − λ2]αβ
 + [sin2(πλ/2) − λ2]2β2 + sin2(πλ/2)cos2(πλ/2) = 0 (Eq 7)

where
α, β are Dundurs’ parameter and

λ = 1 − ω (Eq 8)

α = 
m2 − km1

m2 + km1

(Eq 9a)

β = 
(m2 − 2) − k(m1 − 2)

m2 + km1

(Eq 9b)

with

k = 
µ2

µ1

(Eq 10a)

mi = 4(1 − νi) (plane strain) (Eq 10b)

The components of the nonsingular term σijo are:

σrr o = 
σo

2
 (1 − cos 2θ) (Eq 11a)

σθθo = 
σo

2
 (1 + cos 2θ) (Eq 11b)

τrθo = 
σo

2
 sin 2θ (Eq 11c)

where

σo = ∆α ⋅ ∆E ⋅ ∆T (Eq 12a)

∆α = α1(1 + ν1) − α2(1 + ν2) (Eq 12b)

∆E = 


1

E1
∗
 − 

1

E2
∗




−1

(Eq 12c)

Ei
∗ = 

Ei

ν1(1 + νi)
 (plane strain) (Eq 12d)

The stress intensity factor K can be determined using the
stress solution σij

FEM obtained from the finite element analysis.
Equation 13 shows a double logarithmic expression of Eq 6,
where the stress term σij  is replaced by σij

FEM:

log10





σij
FEM(r,θ) − σ

ijo
(θ)

fij(θ)




 = −ωlog10(r/L) + log10(K) (Eq 13)

It can be seen that in a plot of
log10



σij

FEM (r,θ) − σijo(θ)

 /fij(θ)


 vs. log10(r/L) for θ = con-

stant, there is a straight line in the range near the singular point.
The intercept of the straight line on the axis corresponds to
log10(K), whereas the slope of the line yields ω. Because σij

FEM

is obtained for a finite body under specific thermal load, the ef-
fects of finite dimension and inhomogeneity of the temperature
field are included in the procedure to determine the stress inten-
sity factor K. In contrast to this, ω and fij are independent of the
thermal gradient, because these parameters are determined
only for the local domain near the singular point. 

It has been shown that σijo is hardly affected by the temper-
ture gradient at the interface (Ref 21). Therefore, the stress in-
tensity factor K can be determined using Eq 13, even for a
transient thermal loading condition that causes a nonharmonic
temperature field.

2.3 Transient Thermal Conduction

To obtain the thermal stress and deformation field solutions,
the transient temperature fields generated by HHF loading
were determined applying the following boundary conditions.
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It was assumed that a uniform surface heat flux of 20 MW/m2

was deposited on the carbon protection tile surface with a pulse
duration of 2 s. In the HHF simulation, radiation heat transfer
was assumed to take place on the free boundaries except for the
bottom face where it is ascribed to thermal isolation. This is a
typical thermal loading condition in HHF loading simulations.

The governing equation for the transient heat conduction is:

ki∇2T = ρiCi 
∂T

∂t
(Eq 14)

where ki is the thermal conductivity, ρi is the density, and Ci is
the molar specific heat. The initial condition is:

T(x, y, 0) = Ti = 20 °C (Eq 15)

Considering the radiation heat transfer on the free surfaces, the
boundary conditions are written as:

−k1 
∂T(x, h1, t)

∂y
 = −q

.
 + ε1σ(T4 − Ta

4) (0 ≤ t ≤ 2 s) (Eq 16)

−k1 
∂T(x, h1, t)

∂y
 = ε1σ(T4 − Ta

4) (2 s < 6 s) (Eq 17)

k2 
∂T(x,−h2,t)

∂y
 = 0 (Eq 18)

where h1 and h2 is the thickness of materials 1 and 2 in Fig. 2,
q
.
 is the magnitude of the input heat flux, ε is the emissivity of

the materials, σ is the Stefan-Boltzmann constant, and Ta is the
ambient temperature, which is equal to the initial temperature
Ti.

Interface conditions are given as:

T(x, 0+, t) = T(x, 0–, t)  (0 < x < L) (Eq 19)

k1 
∂T(x, 0+, t)

∂y
 = k2 

∂T(x, 0−, t)
∂y

  (0 < x < L) (Eq 20)

3. Computations

The thermoelastic analysis was carried out using the finite
element code ABAQUS (Ref 22). Eight-noded isoparametric
quadrilateral elements were used for the thermal and stress analy-
sis. For the calculation of crack tip stress fields, interface elements
were employed to keep the crack faces from overlapping. 

The two-dimensional joint model shown in Fig. 2 was used
for the analysis. As an example, the geometry of h1 = h2 = 10
mm and 2L = 25 mm was chosen. The CFC (carbon compos-
ite)-to-molybdenum alloy bond joint was selected for the mate-
rials of the armor tile (material 1) and the metallic substrate
(material 2), respectively. Due to the symmetry, only the left

half part was considered. The problem size of the computation
models is listed in Table 1.

Some selected material properties are listed in Table 2. In
numerical analysis, the temperature dependence of the material
properties and material anisotropy were taken into account,
whereas all the analytical parameters were calculated using con-
stant material properties at room temperature. In addition, the ani-
sotropic material properties were given as averaged values.

The simulation of the brazing process preceded the HHF
step to generate the residual stresses on which the following
secondary thermal stresses were superimposed. The stress-free
reference temperature was taken as 1070 °C which was the soli-
dus temperature of the braze metal. First, it was assumed that
the CFC tile would be bonded to the TZM substrate (Mo-0.5Ti-
0.1Zr) at 1070 °C. Then the joint was cooled homogeneously to
room temperature, where the joint would exist in a residually
stressed state. 

4. Results and Discussion

4.1 Analysis of the Temperature Field

Figure 3 shows the reference thermal load history and the
calculated temperature evolution that was applied for the fur-
ther numerical and theoretical analyses. 

The joint was thermally equilibrated in 4 s after the load-off
point. At the end point of the load pulse, a maximum tempera-
ture gradient developed where the surface temperature reached
its maximum. The temperature at the bond interface increased
monotonically.

4.2 Analysis of the Bulk Stress

The behavior of bulk stresses at the joint interface is shown
in Fig. 4. Two cases of thermal load conditions, HHF loading

Table 1 Problem size of the finite element analysis for each
theoretical model

Number of Number of node
Model elements points

Timoshenko (σmax)  900 2945
Yang (K) 1250 4054

Table 2 Selected material properties at room temperature

2D CFC TZM
Property Sepcarb N112 (Mo-0.5Ti-0.1Zr)

Poisson’s ratio 0.14 0.32
Elastic modulus, GPa 28(//) 300

24 (⊥)
Thermal expansion coefficient, K–1 1.5 (//) 5.3

2.7 (⊥)
Strength (tens./comp.), MPa 65/160 (//) 550 (Rp0,2

400 °C)
35/180 (⊥) 1150 (Rm)

Thermal conductivity, W/mK 280 (//) 125
210 (⊥)

Source: Ref 23
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and isothermal heating, are considered. The axial component of
the interfacial stress at the center of the CFC side is given. This
is the bond interface region where the misfit of the coefficients
of the linear thermal expansion produces the maximum stress
level, so the interfacial temperature curve in Fig. 3 was taken as
the reference load history for the isothermal heating simula-
tion.

The numerical result is compared to the maximum bulk
stress value obtained from Timoshenkos beam theory. In the
beam theory approach, a uniform temperature field was as-
sumed, the time history of which was identical to that used for
the isothermal heating simulation. There is some discrepancy
between the numerical results and the values from the beam
model, ranging from approximately 12.5 to 25%. This differ-
ence is mainly due to the limitations assumed in Timoshenko’s
model.

In the residual stress state at room temperature, the joint
mostly exists in the stressed state. As the joint is heated during
thermal loading, the stress reduction takes place coupled to the
difference between the brazing and current temperature at the
interface. It can be seen from Fig. 4 that the temperature gradi-

ent induced by the transient HHF load affects the bulk stress
only slightly.

4.3 Stress Distributions along the Bond Interface

Figure 5 shows the residual stress distribution in the bond
interface of the CFC side. The x-axis means the normalized
x coordinate along the interface with the origin at its free sur-
face edge. The corresponding finite element mesh is shown
in Fig. 6. The mesh near the free surface edge of the interface
was refined for the precise determination of the singular stress
fields.

The axial stress component σxx parallel to the bond interface
(Fig.5a) and the normal stress component σyy vertical to the
bond interface (Fig.5b) are plotted. A cracked interface as well
as a perfect interface were considered for the comparison. The
former was assumed to have two cracks located at the free
boundary and at the symmetry center. To calculate the stress
field near the center crack, the symmetry axis boundary was
combined with the refined mesh region. The length of the inter-
facial cracks was 0.5 mm, which amounts to 4% of the whole
interface length.

In front of the crack tips and near the free surface edge,
stress concentration is found in the form of singularities, as was
predicted by the theoretical models.Compared to the bulk
stress level, the rate of stress intensification is very high. In the
bulk region distant from these singularities, the stress values
for both interfaces coincide, which means that the interfacial
cracks affect the stress fields just in the vicinity of the crack
tips. Because the numerical results for the singular stress fields
are normally influenced by the degree of mesh refinement, the
convergence of the solutions was confirmed by optimizing the
element size.

The bulk stress values of the axial component near the cen-
ter of the interface agree with the results in Fig. 4. In Fig. 5(b),
it is shown that the normal component of the bulk stresses is
negligible, as was predicted in the beam theory. However, the
normal component near the crack tips and near the free surface
edge shows singular stress fields. Together with the shear stress
component, it puts these regions into the multiaxial stress state.

The behavior of the singular stress field near the free surface
boundary is analyzed in the following sections.

4.4 Analysis of the Singular Stress Fields near the Free
Surface Region of the Interface

Applying the numerical stress solutions to Eq 13, the stress in-
tensity factor K is obtained for the perfect interface in Fig. 2. The
stress intensity factor K represents the complete singular stress
field near the free surface edge of the interface. The calculated ana-
lytical parameters for the given joint system are as follows:

ω = 0.1805
σo = 148.1 MPa
fxx = frr (0) = 0.2616
fyy = fθθ(0) = 1
fxy = frθ(0) = 0.2083

In Fig. 7, the distribution of the interfacial stresses obtained
from both the finite element analysis and the theoretical model
given in Eq 6 is plotted for a small range near the singular point.

Fig. 4 Evolution of the interfacial bulk stress at the interface
center

Fig. 3 Reference thermal load history and the corresponding
temperature evolution applied for the numerical analysis
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It is seen that drastic stress intensification occurs near the free
surface edge. Approaching the singular point, the magnitude of
the stress rapidly increases further. But in real materials, it is
thought that the stress would not go to infinity at the free sur-
face (Ref 24). 

In the case of the normal component σyy, a good agreement
between the two curves is found in the given region. Figure 7
indicates that the theoretical model presented above can predict
the stress state near the singular point.

The variation of this stress intensity factor K under the HHF
load given in Fig. 3 is shown in Fig. 8. The results for the tran-
sient HHF loading are compared to those for the uniform heat-
ing case. A discrepancy of the two curves is found in the
vicinity of the load-off point (t = 2 s) where the maximum tem-
perature gradient develops in the joint. The maximum relative
difference between the two load cases is about 6.9%.

Under the HHF load, the thermal deformation near the stress
singularity causes higher stressing than the isothermal defor-
mation. This is due to the forced axial bending generated by the
temperature gradient under HHF load. The unit of the stress in-
tensity factor is the same as that of the stress, because the coor-
dinate in Eq 6 is normalized. The tendency of the curve
variations in Fig. 8 is similar to that in Fig. 4, which indicates

(a)

Fig. 6 Finite element mesh used to calculate the singular stress
fields. (a) Mesh for the whole geometry. (b) Mesh for the singu-
lar region

(b)

(a)

(b)

Fig. 5 Distribution of the residual stress in the perfect interface
and in the cracked bond interface. (a) Axial stress component
σxx. (b) Normal stress component σyy
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that the behavior of the singular edge stress fields has a qualita-
tive pattern similar to that of the bulk stresses.

5. Summary

The duplex bond joint consisting of a metallic substrate ar-
mored with carbon-base materials is a promising candidate
configuration for application to high heat flux operations. 

When a bond joint is subjected to thermal loadings, signifi-
cant thermal stresses may develop due to mismatch of the ther-
mal expansion coefficients. Stress intensification occurs near
the free surface edge of the interface, sometimes showing sin-
gularity. The interfacial stress fields are important for under-
standing the loading nature of a bond joint and may be a critical
factor in structural integrity.

In this paper, thermal stresses in the bond interface of a car-
bon-to-molybdenum bond element were investigated. The tem-
perature and stress fields were calculated using a finite element
method. A high heat flux pulse was assumed as the reference
load history to simulate the thermal shock condition.

The numerical result of bulk stress is compared to the pre-
diction from Timoshenkos beam theory. There was some dis-

crepancy between the numerical results and the values from the
beam theory ranging from approximately 12.5 to 25%. 

Drastic stress intensification occurred near the free surface
edge. The transient behavior of the singular stress fields was
described quantitatively in terms of the stress intensity factor. It
was shown that Yang’s formulation could describe the singular
stress fields in a good approximation, even for the non-har-
monic temperature fields caused by transient thermal load.

The stress intensity factor of the singular stress fields near
the free surface edge of the interface showed a time variation
similar to that of the bulk stress. The temperature gradient in-
duced by the transient HHF load affected the overall interfacial
stress only slightly.
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